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1 Derivatives

1.1 Finding Partial Derivatives

So in order to do this problem you have to treat = as a constant.

flz,y) = 5" — 2y

Find %5

d
@(5954 -2y

d d
— 5zt — — 22
dyaC dyy

_4y

So we can conclude

of

S
dy 4

f(@,y) = y* sin(x).
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. of
Find 55

2 (g2 sin(y).

Because there is no x term in the problem, this derivate evaluates to :

f(z,y) = sin(z) — 3cos(y).

Find g{

d .
d—y(sm(m) — 3cos(y)).

d d
o sin(x) — 3@ cos(y)
3sin(y) |
3
x
fley) =5 +v°
. of
Finds 3
a
dz \3 Y
4z d
dr 3~ dx

flz,y) = (x 4+ 1) tan(y).
What is the partial derivative of f with respect to =7

Rewriting :
f(z) = wtan(y) + tan(y).

d d
e tan(y) + o tan(y)

tan(y)

y2

f(x,y) = ;

What is the partial derivative of f with respect to x?
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Treat y as a consent :

What is %?
y

f(z,y) = sin(z) + cos(y?)

Z—ch sin(z) + cos(y?)

0 — 2y sin(y)

—a2ysin(y)

.. Of
What is o

Since we have no y component in the equation, we can say that the derivative has to be

flw.y) = cos®(x) —

[0]

What is %
y

2 held constant

f(z.y) = «*sin(x)

Find 224

Byé

837f _ 15tan(x)
o 8y

f(z,y) =z cos(y) +y
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What is gi

y is held constant

of
AL eos(y) +y

d
Y

ix cos(y) + —
VT

dx

cos(y) + 0

o — cosy)

. 2
Find gTé
Rewriting :

Treating x as a constant we can say :

1.2 Gradients

f(z,y) = z(y — sin(y))

flz,y) = 2y — zsin(y)

0*f _ 0 (of
oy Oy (81/)

o (o — wsiny)
By aymy x sin(y

gﬁx—xwaw>

0+ xsin(y)
o f _
42 = zsin(y)

f(z,y,2) = —x + 3zy + Sayz
Find the gradient of f(x) at (—1,2,1)

_ofor of
Vf(x,y,z)— 8$’6y’8y
g:—1+3y+5yz

ox
g=0+3$+5l‘z
dy
of =040+ 5xy
0z

Since we want to find the slope at : (—1,2,1)

we can substitute :

\Vf(:c,y,z) — 15, -8, —10
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f(@) = co(y) — sin’(x)
Find the gradient of f(x,y)

af o
Vf(z,y) = £7 aijc
% = —2cos(z) sin(x)
o
a%: = —2sin(y) cos(y)

| Vf(z,y) = —2cos(x) sin(x), ~2 cos(z) sin(x) |

flz,y,2) =2" —xy
Find the gradient of f(x,y, z)
of _
ox
of
dy
af _ mT—1
& =Tz
So we can conclude :

vf(xayVZ) =Y, _'T'aﬂ-zﬂ—il

fla,y) =a® —ay
Find the gradient of f(x,y) at (1,—1)

1.3 Finding Directional Derivatives

When you take a nudge in the direction of a vector, how is the output changed?
The directional derivative can be defined as the dot between the vector and the function in question, or

more concisely :

Directional Derivative Definition

v-Vf(a)

Should also include the definition of a dot product :
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Dot Product

Let f(y) = In(y). Suppose @ = (3,4) and ¥ = (v/3/2,1/2)
Find the directional derivative of f(x,y) at @ in the direction of ¥

Because we know of of )
vi=(50a) = (0})

wo o) (%)

Remember for the dot product you multiply the terms in the same position.

Since we know that y =4

Vif(a) =

Let f(z,y,2) = % Suppose @ = (—3,2,1) and v = (1,1,1)
Find the directional derivative of f(x,y, z) at @ in the direction of .
v-Vf(a)

So we just need to find the dot between the gradient of the f(x,y,z) function in the direction of @.

Substiting the values given :
f(c_i) = (2, 733 6)
v-f(@=(1,1,1)-(2,-3,6) =5

Let f(x,y) = sin(zy). Suppose @ = (4,0) and 7 = (0,1)
Find the directional derivative of f(z,y) at @ in the direction of 7.
Finding the gradient of f(x,y,z2) :

Vi(x,y) = (ycos(zy), z cos(zy))

Let f(z,y) = e¥ + xy Suppose @ = (1,2) and ¥ = (-3, 2).

Find the directional derivative of f(x,y) at @ in the direction of ¥.
Vf(z,y) = (y, e + )

f(@) = (2,e*+1)

1

V@) =
V@) 7)) =(2,e2+1)-(=3,2) = —6+2e* +2=2¢* — 4

Define f(x,y,2) = sin(x) +y — 2% Let @ = (—1,1,—1) and ¢ = (0,0, 1).
Find the directional derivative of f(z,y) at @ in the direction of 7.

Page 6 of47



Dylan Sheehan Bates College

Vf(x,y,z) =cos(x),1, -2z
Vf(@) =cos(1),1,2
Vf(a)-v = (cos(1),1,2)-(0,0,1)

fz,y,2) = 2°In(z)
Let @ = (—1,0,¢e) and ¥ = (1,0,0)
Calculate
@) - (@
h—0 h

So we have to take a derivative with respect to the given vector :
Since the function doesn’t have a y component we can ignore that.

v-Vf(a)

_(O0f Of\ _ x?
Vf= (&5'782) = Qxln(z),?

Evaluating :

[2, i] -[1,0,0]

flz,y) =4z —y
Let @ = (3,1) and ¢ = (1,1)

fla+ hv) — f(a)
h

Calculate lim
h—0

We will take a derivative with respect to the given vector : ¥

-V f(a)

=4,-1

)

af o

Evaluating (redundant because of no changing terms):

Vi@ =4,-1
Now to take the dot product :

(17 1) ’ (47 _1)

fla,y,2) =2® — 6y + 22
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Let @ = (1,-1,1) and ¥ = (—1,2,2)
Calculate

i 1@ = 10) = £(@)
h—0 h

We will take a derivative with respect to the given vector : ¢

v-Vf(a)

of of 0
Vi(r,y,z) = (&i’(‘?i’(‘?ﬁ) = (2x,—6,2)

Substituting @ = (—1.2,2) into f(z,y, 2)

V(@) = —2,-6,2

Dotting
V@) -v=(-2,-6,2)-(-1,2,2)
2+ -12+4=|—6]
1.3.1 Quiz
o) = 22
Find g—i

Take the gradient of f(z) and dot it with e ¥

_ (9L L OFN (v x _zy
vf(x)_<8:zc’8y’[“)z)_(’ ) 22)

Substituting @ = —3,2,1

f(a) = (2, _37 6)
Dotting :

Vif(x) = Vf(z) v

(2,-3,6)-(1,1,1) =2—-3+6

f(@,y,2) =2y +yz + 2z
Find the gradient at (—4,3,1)

aof of 0
Vf(:v,y,z) = (di,a;taé) = (y+Z,Z+CE,y+.’£)
Substituting (—4,3,1)
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Vf(—4,3,1)=4,-3,—1

fla,y) =2 +y?
Find V f(z)

of 0

f(x,y) = sin(zy)

Suppose @ = (4,0) and ¥ = (0,1)
Calculating Gradient :
Vi(z,y) = ycos(xy), z cos(zy)

Subsisting @

V(@) =0,4cos(0) =0,4
Taking dot product :

V(@) 5= (0,4)-(0,1) =4

1.4 Parametric Equations
1.4.1 Derivatives of Vector Valued Functions
g(t) = (=2sin(t + 1), 5t* — 5t)
Find ¢'(t)
Applying the derivative to both sides :

g'(t) = —2cos(t +1),10t — 2

h(t) = (log(10t),sin(¢))

Find h'(t)
This is a little trick question, remember that In(t) # log(t)

Log Rule

f(t) = (4% +t,31n(t))
Find f'(t)
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3
) =12t +1, "

g(t) = (5t +4,2"*1)
Find ¢'(t)

Constnant to an Exponential Rule

d , . d
e =¢ ln(c)%(x)

5,21 In(2)

1.4.2 Parametric Velocity and Speed
p(t) = (4t — 3%t + 5,5 — 4t?)
Find v(t)

v(t) =p/(t) =| (4 —6t,1,8t" — 8t)

p(t) = (3sin(2t), 3 cos(2t), t?)
What is the speed of p(t)

v(t) = p'(t) = (6 cos(2t), —6sin(2t), 2t)

s(t) = (v(t)) = \/(6.cos(2t))? + (6(sin(2t))? + (2t2)?)
Solving on the right :

\/ 36 cos2(2t) 4 36 sin?(2t) + 4t4

\/36(sin2 (2t) + cos?(2t) + 4t4)

sin?(z) 4 cos?(z) = 1

36(1) + 4t

Simplifying radicals

29 +t2

F(t) = (22¢,33sin(3t))

o= 10 = [Beean]

Find v
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What is the speed -s(t)- of f(t)
Finding 9(t)

T(t) = f'(t) = (4¢3, 4t3)
5(t) = (u(t)) = /(4692 + (4892

v/ 16t6 + 16t6
4/ 2t6

1.5 Multivariable Chain Rule

Multivariable Chain Rule

dh

- = V@) -g'(t)

Suppose we have a vector-valued function g(t) and a scalar function f(x,y). Let h(t) = f(g(t)).
We know

9(3) = (-1,4)
g3 =(22)
Vf(~1,-4) = (3,0)

Evaluate % at t = 3.

We have to use the multivariable chain rule.
W(t)=Vf(g(t) g'(t)
Since we have all of the direct values we can pretty easily substitute values :
W'(3)=Vf(g(3) g'3)
h/(3) - Vf(*]., *4) ’ (23 2)
h/(?’) =(3,0)-(2,2)
h'(3) =6

Suppose we have a vector-valued function g(t) and a scalar function f(x,y). Let h(t) = f(g(t)).
We know :

g(—].) = (97 _47 6)
o) = (44-1)
V£(9,—4,6) = (1,3,2)

Evaluate % att = —1.

We have to use the multivariable chain rule.

W(t) =V f(g(t)-g'(t)
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Since we have all of the values we will substitute :

W(=1)=Vf(g(=1))-¢'(-1)
B'(=1) =V f(9,—4,6) - (4,4 —1)
R'(=1) =(1,3,2) - (4,4,-1)
R(-1)=4+12-2
h'(-1)=14

Let f(z,y,2) = y?z and g(t) = (,¢*,1°). h(t) = f(g(t))
What is h'(2)?
Here we will have to use the my chain rule.

W(t) =V f(g(t)-g'(t)

We have to calculate a few things :
g'(t) = (1,2t,3t)

7(2) = (1,4,12)
Vi(z,y,2) = (0,2yz,9%)
Vf(g(t) = (0,2¢°,1%)
Vf(g(2)) = (0,64,16)
V£(g(2)-¢'(2) = (1,4,12) - (0,64, 16) = 448

Let f(x,y,2) = xz + yz and g(t) = (cos(t),sin(t),t). Assuming h(t) = f(g(t)), what is h'(¢)?
Here we will once again use the my chain rule.

W(t)=Vf(g(t) g't)
We're going to have to calculate a few things to use this.
g'(t) = (=sin(t), cos(t),1)
Vilx,yz)=(z,2,2+y)
Vf(g(t)) = (t,t, cos(t) + sin(t))
Vf(g(t))- g (t) = —tsin(t) + t cos(t) + cos(t) + sin(t)
V1 (g(t)) - g'(£) = cos(t) + sin(t) + t(cos(t) — sin(t))

Let f(z,y) = cos(y) — sin(z) and g(t) = (—2t,4t). Assuming h(t) = f(g(t)), what is 1’ (%)

g'(t) = (=2t 4t)

/(5)-=(-5%)

Vf(z,y) = (—cos(z),sin(y))
s V3
vio(3)=5-%

Suppose we have a vector-valued function g(t) and a scalar function f(x,y). Let h(t) = f(g(t)).
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We know :
9(1) = (0,2,4)
g'(1) = (-1,6,2)

V£(0,2,4) =(3,5,1)
Since we again have values we can just substitute :

W(t) =V i(g(t)-g't)

R(1) =Vf£(0,2,4)(-1,6,2)
(1) = (3,5,1) - (—1,6,2)
R'(1) =29

These will be a little harder :
Let f(x,y,z) and g(t) be :

f(x,y,2) = 2z — 322 + 2y% and g(t) = 2t,V2t,

Find 1/ (2)
Since we know that the my chain rule is

W(t) =V fg(t)-g'(t)

v 4 V2
g'(t) = (2,M,1>

g'(2) = (2, % 1>

The gradient of f(z) also has to be solved :
Vf($, Y, Z) = (—61‘, 4ya 1)

We have to solve for a few things :

Vi(g(t)) = —12t,4v/2t,1

Now we can substitute t = 2 :
Now we have to take the final dot product between V f(g(2)) and ¢'(2)

Vi(9(2)-g'(2)=-43

Let f(x,y,z) and g(t) be defined as below :
F(2,y,2) = zcos(y) + 2% and g(t) = (t, £, —1)

h(t) = f(g(t))
Find A/(t)
We have to solve for a few values :
g/<t) = (17 —2t, _1)
Vf(.’L’, Y, Z) = (225 —ZSiD(y), cos(y) + 2237)

Vf(g(t)) = (1%, tsin(—t?), cos(—t?) — 2t?)
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Vi(g(t) - g'(t) = t* + (=2tsin(~t?)) — (cos(~1*) — 2t*)
B (t) = —t? — 2tsin(—t?) — cos(—t?)
B (t) = —t? + 2tsin(t?) — cos(—t?)

Let f(x,y) and g(t) be defined as below :
f(z,y) =22% and g(t) = (cos(t),sin(t))

h(t) = f(g(t))
Find /()
g'(t) = (= sin(t), cos(t))
g'(m) = (0,1)
V(z,y) = (day, 22%)
V£(g(t) = (—4sin(t) cos(t), 2 cos?(t))
Vi(g(m)) = (0,-2)
V(g(t) g'(t) = -2

Let f(z,y) and g(t) be defined as below :
f@y) =) +y and g(t) = (sin(t), — cos(t))
h(t) = f(g(t))
Find h'(t)
g'(t) = (cos(t),sin(t))

Vi(z,y) = <1>

T

Vo) = (g1

sin(t)’

[\

Now to take the dot product :
Vf(g(t))- g (t) =2cot(t) + sin(t)

Quiz

v(t) = (10 cos(t), 10sin(t), 100 — t)

What is the velocity of v(t)?
To get the velocity of this velocity you just take a gradient :

v'(t) = Vo(t) = (—10sin(t), 10 cos(t), —1)

Suppose we have a vector-values function g(t) and a scalar function f(x,y). Let h(t) = f(g(t))
We are given :

9(1) = (-2,3)
9'(1)=(4,2)
Vf(-2,3) = (6,1)
Find h'(1)
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Once again we will be using the my chain rule.
W(t)=Vfg(x)) g'(z)
Since we have all these values already we can just directly substitute :
h/(l) =(6,1)(4,2)
h'(1)=24+2=26

Let g be a vector-values function defined by
g(t) = (=2sin(t + 1), 5¢* — 2¢)

Find ¢/(t)
! g'(t) = (—2cos(t +1),10t — 2)

Let f(x,y,z) and g(t) be defined below :
flx,y,2) =vy*2 and g(t) = (t,t*,1°)

h(t) = f(g(t))
Find h/(2)
We will use chain rule for this.
g (t) = (1,2t,3t?)
9'(2) = (1,4,12)
Vi(x,y,z) =(0,2yz,2)
Vf(g(t) = (0,26°,¢%)
Vf(9(2)) = (0,64,8)
VF(g(2)) - ¢'(2) = 0+ 256 + 96 = 352

Suppose we have a vector-values function g(t) and a scalar function f(x,y,z). Let h(t) = f(g(t))
We know :

9(=2) = (1,2,0)
9'(-2) = (0,4,3)
Vf(1,2,0) = (—10,2,-3)
Find 1/ (—2)

(=10,2,-3) - (0,4,3) = —1
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1.6 Partial Derivatives of Vector-Valued Functions

f(@,y,2) = (zyz, cos(z), sin(z))
Find 2f

0z
g—f = (zy, —sin(z), cos(z))
z
Find 2£
ov
of
% = (1,2'(170)
flx,y) = (—2y?, yz?)
Find 2L
o
’ of )
f(xv Y, Z) = (COS(Z)v 9zy, x3)
Find 21
ox
of 2
% = (079?/731‘ )

p(t) = (t7 et’ t)

What is the speed of p(t)
So we have to find the velocity of this position function :

v(t) = (1,€',1)

Then to find the net speed :

s(t) 1+e?+1

s(t)=vV2+e?

Let h be a vector-valued function defined by h(t) = (log(10t),sin(¢)). Find A/ (¢).

(0 = (g eos(0)

Suppose we have a vector-valued function g(¢) and a scalar function f(z,y). Let h(t) = f(g(t)). We're given,
g(ﬂ') = (2’0)7 gl(ﬂ) = (374)7 and Vf(2,0) = (_113)'

Evaluate % at t =m.

This is pretty simple direct substitution :

W(t) =V f(g(t)-g'(t)

B'(t) =V f(2,0)-(3,4)
W (t) = (=1,3) - (3,4)
h'(t)=-3+12=9
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Let f(x,y,2) = z2% +y> and g(t) = (¢,sin(3t),sin(2t)). Assuming h(t) = f(g(t)), find A'(t)
In order to find h'(t), we have to apply the multivariable chain rule.
W(t) = flg(t) g'(t)
g (t) = (1,3 cos(3t), 2 cos(2t))
Viz,y,2)=(
V£(g(t) = (2tsin(2t), 3sin?(3t),t?)
B (t) = Vf(g(t)) - g'(t) = 2tsin(2t) + 9 cos(3t) sin?(3t) + 2t% cos(2t)

2wz, 3y%, x%)

Let f be a vector-valued function defined by f(t) = (4t> + ¢, 31n(t))
Find f/(¢t).

() = (12t2 +1, i’)

1.7 Divergence
The formula for divergence in three dimensions is

[“)P 0

Where P,Q, R are all the respective z,y, z components of the original f(x,y, z) function.

What is the divergence of f at (2,—1,3)

oP L9 oQ L OB OR
dr ' da | 0z
div(f) = yz + 6y + 4z
div(f(2,-1,3)) = —4

div(f) =

What is div(f)
f(@,y) = (= cos(x), —y(sin(x)))

. oP 9
div(f) = m*acj

div(f) = sin(z) — sin(z)
div(f) =0

flz,y,2) = <i + €7, sin(zy), 5>

Find div(f)
1 T :
div(f) = ( ;Zce + Sm;;cy) + 5dz>

div(f) = e* + x cos(zy) + 0

f(x,y) = (_x27y)
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Find the divergence of f at (3,—1).
d d
di = -2+ y=
iv(f) ( s +ydy>
div(f) = (-2z+1)

Now to find it at (3, —1)
—6+1=-5

f(x,y,z)=(—y+z7—z+x,—m+y)

What is the divergence of f at (1,2,3)?
This is just 0, looking at the components. You can see the divergence = 0.

flo,w) = (ve¥ ,wo,4)
What is g—gj

%:vew, ,0
T
Z, = y
e = (n2)
What is g—i?
of 1
o= (03)

1.8 Curl

Counterclockwise rotation is positive curl, Clockwise rotation is negative curl. Right hand rule. Up is
positive, down is negative.
A curl can be generally defined as :
curl(F) =V x F

Curl takes in a vector field and outputs another vector field.
A divergence can then be defined as :
div(F)=V - F

Which takes a vector field but then outputs a scalar field
A gradient can be defined as :

grad(f) = Vf

A gradient takes a scalar and then gives a vector field
The formula for curl in two dimensions :
_0fy  Ofs

curl(f(a,0) = G2~ 5

The formula for curl in three dimensions :
_(0f Oy _:(0fz Of:\ ;(0fy Ofs
curl(f(@,y,2)) = ¢ ( dy 0z Noz "o )" K dr 0Oy

curlf:(afz_afy Ofe _0F: afy_af:r)

Where P is the z—component of f and @ is the y—component.
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What is the curl of f at (—2,3)?

Testing at point (—2, 3)

flz,y) = (4ya®, z + 3zy?)

0 Ofs
curl(f) = 8—];?’ - aj;

curl(f) = 6zy — 8xy
curl(f) = —2zy

curl(—2,3) = 12

What is the curl of f?

[, y) = (cos(3x — y), wsin(y))

of, Ofe
curl(f):%—a—i

curl(f) = sin(y) — sin(3z — y)

What is the curl of f at 3,«
Finding curl :

Cos is periodic so :

f(@,y) = (sin(wy), 2?)
curl(f) = 2z — z cos(xy)
curl(3,m) = 6 — 3 cos(3m)

curl(3,7) =643
curl(3,7) =9

f(z,y, 2) = (2sin(y), sin(2) sin(z), 2?)
curl(f) =?i+7j+7k

Here we will have to find 3d curl, which is a bit more involved than the other examples of 2d curl.

curl(f(l‘,?-hz)) = ’AL ( ay 0z

) () (-

What is the curl of f(z,y) = (zy — 1, y(cos(z) + z))

_0fy  0fa

curl(f) = or Oy

curl(f) = y(—sin(z) + 1) —x
curl(f) = —ysin(z) +y — x

What is the curl of f(—3,1) when f(z,y) = (3z%y, 3z) We know

curl(f) = or 0y

curl(f) = 3 — 322
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curl(f(=3,1)) =3 —3(=3)> =3 —-3(9) = —3(8) = —24

f(z,y) = (y +sin(y), z — cos(x))
What is the curl of f?

0 Of e
curl(f):a—];’—a—i

curl(f) = 1 +sin(x) — (1 + cos(y))
curl(f) = sin(z) — cos(y)

f(@,y) =)(5+ 2, yn(z +y))
What is the curl of f(4,8)

Y

curl(f) = Tty -0
curl(f) = xiyky
curl(f(4,8)) = 8 = 8 :Z

f(z,y) = (1, 2z In(zy))
What is curl(f)

curl(f) = 782:0(1;;(:%/) -

curl(f) = 2In(zy) + 2

0

f(m,y,z) = (437 + 2y, _x)

1.9 Laplacian

The Laplacian of a scalar field f is the sum of each of its second partial derivatives :

Laplacian Definition

_0%f 82f+82f
T 022 o2 922
Af =V2f =divVf = div(grad(f))

Fields are harmonic if the Laplacian is zero

Af

flz,y) = oy — e

What is the Laplacian of f(x,y)
We need to find the two partial derivatives :

_ofof _of
T 9xdr Oz

2 xy

Jz ly —ye™] = —ye
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8f8f 8f oyl 2 ay

When adding these together, you can find the Laplacian

Vf(as,y) = fox + fyy = _emy(xQ + yz)

2

fz,y, 2) = za% — 2% + €Y cos(z)

Find if f(z,y, 2) is harmonic.
So we have to take the derivatives :

af o 0
fyy = %g—‘; = %(—Zyz + €Y cos(z)) = =2z + €Y cos(z)
for = gﬁ g‘z ZJ;( —e¥sin(z)) = —e¥ cos(z)

Af =2z—2z+eYcos(z) —e¥cos(z) =0

This means that the function is harmonic.

f(.’E, Y, Z) = 1‘22’4 - Z2y3 +z

What is the Laplacian of f(z,y,2)?
Finding the derivatives :

x Oz
_ofof _ af 22y
orof _of,. 19,22 o3
foz= 92 0 82 — 2z = 122222 — 2y

Af = fzz + fyy + fzz = 22’4 — 622y + 122222 — 2y3

f(z,y) = 2e" sin(y)
Is f harmonic?
Finding derivatives :

af o
Sow = Fia—i = 2¢” sin(y)
af o 0
fyy 85 85 8752 COS(y) = 72€I Sln(y)

Af = fra+ fuy = 2¢" sin(y) — 26" sin(y) = 0

Yes, f is harmonic

f(z,y,z) = sin(z) — xe?
What is the Laplacian of f(z,y, 2)

fmc =0
fyy = —xe?
fzz = — Sin(z)

Af = foo+ fyy + for = —we¥ —sin(z)
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flay) =a° + 2%y + 2y® +y°
What is V- (V f)?
This is the same thing as A f

d

fra = 7(93]:3# + 2zy + y? = 6z + 2y
o

foy = 8£3y2+2xy+x2 =6y + 2z

V= fox+ fyy =62+ 2y + 6y + 2z =8z + 8y

Ty, 2) =xy — 22z + 3’z
f(2,y,2) ) Y
Is f harmonic?

_ofof _of o, _
of of  of

fuy 3y Dy aym+ Yz z

_Ofof _Of o, 2_

fzzi@z@ziaz Ty =0

V= fea +'j&y + foz=—-224+2240=0

flz,y) = 2y —e™
What is the Laplacian of f(z,y)?

for = Ly~ yey = e
Oz
of

_ _ Ty .2, 2y
fyy = 52 —xe™ = —z%e

y
Vf = f.L-L -+ fyy = _y2€zy _ x2ery

1.10 Jacobian Matrix and Determinant

fo
Suppose f(z,y,z) = | fi| then the Jacobian is
f2
9f  9fo  Ofo
ox 2] 0z
fU)= |80 dh 0h
- ox 0 0z
ofo 0l 0f
ox oy 0z
Basically you just take a gradient across the rows.

Vo
f(J) = |Vhi
V /2

This is super tedious to write work out for, just know that you can go across the matrix, doing one column
at a time taking your derivatives of the three functions x, then the next column taking the derivatives of y,

then the next taking it for z.

You're also able to take the determinant of this function, which is the exact thing being ripped from

those linear algebra classes with Senia.
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As a reminder :

det(f) = [g 3] = ad — be

. So specifically for this case, with a 2x2 matrix :

9fo  9fo

et || _2f0f 0 0fo

ox Dy

Problems :
Find the determinant of the transformation :

L9

J(f) =
11

Since this is already a Jacobian function, we can determine that the determinant is quite simple to solve for

1 1

det J(f) = —(1) —0(1) = =

et J() = T(1) ~0(1) = 1
How will f expand or contract space around the point (é, %)

If we evaluate |J(f)| at (5, 3), we get 9. Because the Jacobian determinant here has a value greater than

1, we can conclude that f will finitely expand the space around (3, 3).

Let f be a transformation. Its Jacobian matrix is given below :

wp[m@ xm%

—ysin(x) cos(x)
Find the Jacobian determinant of f
sin(y) cos(x) — (x cos(y))(—y sin(x))

How will f expand or contract space around the point :

G5
27 2

Evaluating |J(f)| at (3,—%) gives us

sin (g) cos (—g) - (g COS(_g)) (g sin (g))

10) — (FO)(5 (1)
0-0=0

Because the determinant at that point is 0, we can conclude that the space will contract infinitely at this
point.

Consider f as a transformation. Its Jacobian matrix is given below :

V3 _1

2 2
J(f) =

1 V3

2 2

Find it’s Jacobian determinant
V3v3 (1
2 2 2
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3 1
4=
1tg

How will it expand or contract space around (1,0) Because at the point (1,0) the Jacobian determinant is
equal to 1, we can determine that the space around point won’t be warped.

Let f be a transformation in the real space. Its Jacobian matrix is given below :

~ |cos(6) —rsin(6)
J(f) = sin(0) rcos(6)

Find the Jacobian determinant of f
cos(0)r cos(8) + rsin(0) sin(6)

How will f expand or contract space around the point

Substituting:

1
2

Because the evaluation of the Jacobian Determinant is less than 1 but not 0, we can determine that the
space around this point will be finitely contracted.

1.11 Unit Test and Various Practice
flz,y) =4dyx —x + €Y
0% f

Find
m 0xdy

This is solved by realizing that
f _ 00f
0xdy  Ox Oy

0
%4554—63’

4

f@y) = (z,y°)
Find div(f) The definition of div is
or. , o1,
ox oy

So for this problem :

d )
— —=1+2
:cdx—ky dy + 2y

Let f(x,y) =22+ 3y — 1 and g(t) = (¢2,2t)
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Find »/(4)
This is a pretty clear example of where the standard product rule would be used :
= V1o 1)
Finding ¢'(4)
g(6) = o) = (21,2)
g'(4)=(82)
Finding Vf(g(t))
Viz,y) =(2,3,0)
Vf(g(®) = (2,3,0)
Vi(g(t) o' (1) = (8,2) - (2,3) = 16 + 6 = [22]

O

f(l'7 y) = (COS(‘%. + y)7 - Sin((E - y))
What is the curl of f at (3—“ 5)

2772
Curl is generally the cross of the gradient and the vector field.
ofy  Of«
1 =Y _
curl(f) o 9y
of, 0 . _
B =9 sin(z — y) = — cos(z — y)
Ofa

0 :
9y 0y cos(z 4+ y) = —sin(x + y)

curl(f) = — cos(xz — y) + sin(xz + y)

_ 31_E _|_' 3£+f
COS 5 B sin B) 5

—cos () + sin (27)
1

Evaluating this curl at (37”, g)

Let f(z,y,2) = z + 2% — y? suppose
Finding V f(g(t))

Vf(z,y) = (2,3,0)
Vf(9(t) = (2,3,0)
Vig(t) - g'(t) = (8,2) - (2,3) = 16 + 6 = [22]
[l

f(z,y) = (cos(z + y), —sin(z — y))
What is the curl of f at (37“7 7)
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Curl is generally the cross of the gradient and the vector field.

ofy Ofs
curl(f) = 8J;I - afy
Uy — 9 e — ) = — cos(a —
%~ Ba sin(x — y) = — cos(z — y)
Ofs 0 L
oy Oy cos(z +y) = —sin(z + y)

curl(f) = —cos(x — y) + sin(z + y)

ceos [T i (P
(¢0)] 9 D) Sin B 9

—cos () + sin (27)
1

Evaluating this curl at (2, %)

Let f(z,y,2) = 2z + 2% — y* Suppose @ = (—1,2,0) and 7 = (1,2,1)

Find the directional derivative of f(x,y,z) at @ in the direction of ¥
Directional derivatives are found using the traditional :

7 Vf(a)
Vi(z,y,2) = (22, -2y,1)
Vi@ = (-2,-4,1)
V@) o= (-2,-4,1)-(1,2,1) = —2—-8+1=—9

Let g be a vector-valued function defined by g(t) = (5t + 4,2!1)
Find ¢'(t)
g (t) = 5,21 1n(2)

f(z,y,2) = (cos(z),sin(z +y), x)
Find the curl of f.

0z ox

Or dy

Curl(f(z,y,z))%(aa];z %)H(an afz)%(afy afz>

(0 —0) — 7 (—sin(z) — 1) 4 (cos(z + ) — 0)
10 4 7(—sin(z) — 1) + k cos(z + y)

Suppose we have a vector-valued function g(t) and a scalar function f(z,y, z). Let h(t) = f(g(¢))
We know :

Evaluate % att =8

This is a pretty simple application of a previous problem’s formula.
dh

5 = V@) -g'(t)
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Because of what we were given we can just simply do the direct substation and a dot product.

dh

— =(3,3,3)-(5,-4,0) =15 - 12 =3
dt (77)(7 7)

g(t) = (e*,tsin(t))

What is the velocity of g(t)
g (t) = (2, sin(t) + t cos(t))

f(x,y,2) = cos(z 4 y) — sin(z — y)
What is the Laplacian of f(z,y,2)?
*f  0*f  0*f
A=t o T o

So all we have to do here is take a bunch of double derivatives and see where that takes us.

*f _of . _
922 = B —sin(z + y) = — cos(z + )
o*f _of . .
a2 "y sin(x + y) 4 cos(z — y) = — cos(z + y) + sin(z — y)
*f _of :
il v cos(z —y) = sin(z — y)

—cos(x + y) — cos(z + y) + sin(z — y) sin(z — y)
—2cos(x + y) + 2sin(z — y)

y2
f(x7y) = ?+"L‘3

What is %f ?
T
322

h(a,b) =2%(1+1b)
What is the partial derivative of h with respect to b?
h(a,b) = 2% + 2%

on

%—2

Find the gradient of f(x,y,z) = zzy — z + In(y)

ﬁ
ox

of
—— =zr+ -
y Yy

aof _
9z

=zy—1

Y
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f(x,y,2) = (y° + 22, 20°, 22 + y)

What is %
of
— =(2y9,0,1
9y (2y,0,1)
2 Applications of Derivatives
2.1 Tangential Planes
2D Planes :
The equation for a tangential plane of an explicitly defined surface z = f(x,y) at the point (a,b) is :
of of
S=flab)+L@—a)+Ly—b
f(a,b) + aqu(x a) + ay(y )
3D Planes:2
The equation for a tangential plane of an explicitly defined surface z = f(z,y, z) at the point (a, b, z) is :
of of of
—_ —_—— — —_— _— b — J—
S=Fa-a+F -+

Let S be a surface in 3D described by the equation /z2 + 32 — 22 =0
What is the equation of the plane tangent to S at (3,4,v/5) ?
In order to do this we have to take a 3D gradient:

- L Y _
Vf(xvyﬁz) - <\/x2+y2a \/x2+y27 22)

Substituting the values from the tangent point :

3 4
Vf(l',y,Z) = <ma ma2\/g)

Vf(z,y,z) = <3,4, 2\/5)

55
And you can now just take these points and substitute them and get your plane equation.
3 4
S g(x—3)+g(y—4)—2\/5(z—\/53)

Let S be a surface in 3D described by the equation z = ye?® — g2

What is the equation of the plane tangent to S at (1,5).
We must take the 2D gradient :

Vf(x, y) = (2ye2w’ e2x - 2y)
Now evaluating at the points (1,5)
Vf(1,5) = (10€*, e* — 10)

Now substituting the points to get plane equations :

S :10e*(z — 1) + (€2 — 10)(z — 5)
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Let S be a surface in 3D described by the equation :
2?42 =4
2y —4=0

Find the equation of the plane tangent to S at (1,1,+/2)
First step, taking a gradient :
Vi(z,y,2) = (2x,2y,2z2)

V£(1,1,V2) = (2,2,2V2)

Then just straight substitution:

S:22-1)+2(y—1)+2V2(z2—V2) =0

Let S be a surface in 3D described by the equation z = sin(zy)
Find the equation of the plane tangent to S at (0, 7).
Taking a gradient :
Vi(z,y) = (ycos(zy), x cos(zy))
Vf(0,m) = (,0)
Substituting :
z=0+7mx+0

Z =T

Let S be a surface in 3D described by the equation
3z +sin(y) + 22 =0

What is the equation of the plane tangent to S at (—3,7,3)?
First you must take a gradient of the surface’s equation :

Vi(x,y,z) = (3,cos(y),2z)
Vf(-3,73)=(3,—-1,6)

Now just substitute :
S:3(x+3)—1(y—7)+6(z—3)

Let S be a surface in 3D described by the equation :
z=a" — P+ a2ty —x +2
What is the equation of the plane tangent to S at (-1,-1)?
f(=1,—-1)=1+1—-1+1+2=4
Vi(z,y) =42® + 2xy — 1, -3y* + 22
Vi(—1,-1)=-4+2—-1,-3+1
VF(=1,-1) = —3,-2

Combining everything :
S:4-3xz+1)—-2(y+1)
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2.2 Hessian Matrix

The Hessian matrix of a scalar field f is the matrix that contains all the 2nd order partial derivatives of a

function :

H(f) =
fyx fyy

fox fary Sz
H(f): fyz fyy fyz

BIGWIG HESSIAN MATRIX:

Let f(z,y) = In(z) In(y)
What is the Hessian of f7

Let
fz,y) = cos(2y) — zy — ¢
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What is the Hessian of f7

(cos(2y) — xy — y*)

_ofof

oS
—%25111(23/) x—2y
=-1

fym:fxyzfl

of o
Foy = %%m@w Cay— )

= 2—52 sin(2y) — x — 2y
= —4cos(2y) — 2

This leaves us with a final matrix of :

(5 tcor2)

Let f(x,y) = e + 5y3x
What is the Hessian of f7

0
= %(151/2%)

= 159°
fym: xy:]-5y2x
. _ofof
W dy oy

Of 1w
=1

By Sy x

= 30yx

(" +5y°2)

Putting this all together, this leaves us with the final matrix :
e’ 15y°
15y%> 30yx
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2.3 Ciritical points
flx,y) = (=2° +2y° + )

Now to set these to 0,
(0,0) = (=32" +1,4y)

X coordinate,

0=—-3z2+1
1 = 32
1 2
g X
1
+t—==z

Y coordinate,

f(z,y) = 4a — y + cos(2x)

What are the critical points of f7
Find a gradient :
Vf(z,y) = (4 —2sin(2z),—1)

There isn’t a critical point because you can see the —1 in the y is unable to equal 0 at any point, meaning
this function has no troughs or peaks in the y axis.

f(z,y) = cos(z +y) — sin(y)

Find the critical points of f
First we find a gradient :

Vf(z,y) = (—sin(z +y), —sin(z +y) — cos(y))
Now we must set these to coordinates to 0
(0,0) = —sin(z + y), —sin(z + y) — cos(y)

X coordinate,
0= —sin(z +y)

Y coordinate,
0 = —sin(z + y) — cos(y)

Now we can use an interesting trick and subtract these two functions from each other:
0 = —cos(y)

So we just need situation in which y = $k where k = ..., —1,0,1,...

f(z,y) =9 — 2’y — 3ay®

Find the critical points of f.
First you gotta find the gradient :

Vf(z,y) = (-92°y — 3y°,z° — 9xy”)
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Now setting these to 0

X coordinate :

Y coordinate :

(0,0) = (—92%y — 3y>, 2> — 9zy?)

0= —9z%y — 33>

3y2 = —92%y
y2 —_ —31'2
0= 2% —9zy?
x3 = 9zy?
2 = 9y?

There is no solution where 2 and y are nonzero. So the solution must be (0,0).

2.4 2nd Derivative testing to classify critical points

You can derive the qualities of a critical point quite easily using this simple derivation :

H < 0 implies a saddle point

H= f:mcfyy - fmyfyz

H >0 and f,; > 0 implies a local minimum
H >0 and f,; < 0 implies a local maximum

H = 0 means the test is inconclusive.

The scalar field f(z,y) = 222 — y? + 42 + 2y — 1 has a critical point at (—1,1).
How does the second partial derivative test classify this critical point?
We will need to take a few double derivatives :

Putting this all together :

.faca::

fyy:

of
O0x0x

20 —y? + 4z +2y—1

== 1o? i pdr+2y—1
x

%g2x2—y2+4x+2y—1
Oy Oy

of
- —2 2
oy v+

-2

H= fmmfyy - fzyfyz
H = (4)(=2) — (0)(0)
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H=-8

So we can conclude that this is a saddle point as H is negative.

The scalar field f(z,y)
derivative test classify this critical point?

y?) — o has a critical point at (0,/e).

In order to do this we will need to take a few derivatives :

fow = %%xl n(y )—a?

=In(y?) -1
—0

af o
fxy af aj; ln(yQ) -z

_0f2%
Oz oy

f’yw = f»Ly = -
ofof
dy ay

_9f2

oy y
2x

2
H= fmmfyy - fzyfy:c

2 4
H:“(ﬁw

H=-=

(&

Jyy = ln(yQ) -z

How does the second partial

The scalar field f(x,y) = 2%y has a critical point at (0,0) How does the second partial derivative test

classify this critical point?
Typical gradient :

of of 22
or 81:
of

8—23@3}

9f9f »

oz By

:I‘Z

foz =

facy

=2z
fym_fmy:2x
f _010f »

_of 2

Ty
=0
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So we can use the standard definition :

H = foxfyy = fayfya
H = 2y(0) — 42*
H = —4z?
H=0

The scalar field f(z,y) = sin(z) + sin(y) has a critical point (%, %)
How does the second partial derivative test classify this critical point?

of o
foz = a—ia—i sin(z) + sin(y)

Now we can use the Hessian determinant :

H = foofyy = fayfya
H = (—sin(z) —sin(y)) — 0
H=-1--1=1
foz <0
This means that the point is a local minimum.

2.5 Jacobian Matrix

The Jacobian Matrix is quite simple, it is essentially just a series of gradients with respect to different
variables and functions taken across the rows of a matrix.

fo
Suppposef(z,y,z) = | f1
fa

Then the Jacobian would be :
dfo  9fo Ofo
ox oy 0z

15 1%} 0
J(f)= |9 S 9

ofr  9fr Ofr

ox oy 0z
This is an annoying problem to format with KTEX largely because duh. It’s tedious and annoying. So I
won’t be typing any of these problems out. Will look to change up the snippet manager so that it’s better
at working with the tables tho. Gonna be important later.
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2.6 Unit Test
The scalar field f(z,y) = 3 + y* — 2 — y has a critical point at (v/3/)

3 Integrals

3.1 Line Integrals in Scalar Fields

Given a scalar field f, a parameterization «, and bounds ¢y and 1, we can calculate the line integral as :

Parametric Integral

(/f%: " Fa®) 1o @) de
C

to

Example :
Suppose we have a scalar field

f(z,y) = sin(z) + sin(y)
and a curve C that is parameterized by
a(t) = (t,t)
for 0 <t < w. What is the line integral of f along C?
So the first thing we can do is substituting «(t) into f(z,y)

f(a(t)) = sin(t) + sin(t)
Fla(t)) = 2sin(t)

We now will need to find the magnitude of the parameterization vector.

'@ =1Ll =vVIi+T=v2
/Cfds:/ 2sin(t)V2 dt

0
2 ™
/ 2sin(t)V2dt = 2\/5/ sin(t) dt
0 0
= 2v/2[— cos(1)]j
= —2v/2(-2)
= 4V2

Suppose we have a scalar field

72

f(a?,y) = 7

And a curve C that is parameterized by
a(t) = (rcos(t), rsin(t))

For 0 < t < 2w, Find the line integral of f along C.
So first we have to reference the equation :

(/f@: ' Falt)) llo' ()] dt
C

to
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lla’(0)]] = [|(=rsin(t), r cos(t))[| = /(=rsin(t))? + (rcos(t))?
= \/7’2 sin?(t) 4 r2 cos2(t) = \/7"2(sin2 (t) + cos?(t))
Vol

2m
/fds:/ rcos?(t)r dt
c 0

2m
:r2/ cos?(t) dt
0

We can use the fact that
1+ cos(2t)

2

2m
1 5(2
:Tz/ 1 cos(2) 4
0 2

cos?(t)

7,2 27
= — / 1+ cos(2t) dt
2 Jo

2 2 2 27
= T—/ 1dt+ T—/ cos(2t) dt
2 Jo 2 Jo

2
:%27T+0

= mr?

(Gonna have to use the align environment next time loll)

Suppose we haVe a SCalar ﬁeld
J (:[7 ) 3

and a curve C that is parameterized by
a(t) = (=t,2t%)

From 1 <t <2
What is the line integral of f along C?

—2t + 62
—t + 2t2

e/ ()] = [|(—1,4t)|| = V1 + 16¢2
2 2
—t + 6t
/; 14 16t2 dt
1

—t + 22

fla(t)) =
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3.2 Line Integral Across Vector Fields

Suppose we have a vector field
fla,y) = (622, —\/y)

and a curve C that is parameterized by
at) = (t,4t%) from —1<t<1
What is the line integer of f along C?
o' (t) = (1,8t)
fla(t)) = (6t%, —2t)
1 1
/ (1,8t) - (6%, —2t) dt = / 61> — 162 dt

-1 -1

1
= / —10t2 dt
-1

= {1;#}]1_1

-20
3

Suppose we have a vector field
flzy) =32 +y)

And a curve C' that is parameterized by
alt)=(t,3t+3) from 0 <t <1
What is the line integral of f along C?

a'(t) = (1,3)
fla(t)) = (3,4t +3)

1 1
/(1,3)(3,4t+3)dt:/ 3412t + 9t
0 0

1
:/ 12t +12dt
0

= [6t + 12¢]}
=18

Suppose we have a vector field
flzy) =(1,2)

and a curve C that is parameterized by
a(t) = (3cos(t),3sin(t)) from 0 <t < 7

Find the line integral of f along C.
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So we can solve this quite easily :
a'(t) = (—3sin(t), 3 cos(t))

fla(t)) = (1,2)

/7T(17 2) - (—3sin(t), 3cos(t)) dt = /7r —3sin(t) + 6 cos(t) dx
0 0

= [3cos(t) + 6sin(t)];
= 3(cos(t) + 2sin(t))§
= 3((-1) - (1))
=3(-2)

=—6

Suppose we have a vector field

flz,y) = (Va,2y)

And a curve C that is parameterized by
aft) = (t3,3t) from 0 < t < 2.

Find the line integral of f along C.
o' (t) = (2t,3)

f(a(t)) = (¢, 6t)

2 2
/(2t,3)~(t,6t)dt=/ 2t% + 18t dt
0 0

2 2
= {t‘”’ + 9t2]

3 0
16

= — +36
3+

_ 1
3

Define a scalar field ,
¢(z,y) = sin(z’y)

Let C be the peremiter of the figure formed by the two parabolas :
y==

and
y=2—1x2

from —1 < z < 1, traversed twice counterclockwise.
Find the line integral of the gradient of ¢ around the curve C.
So this is going to be less calculation based,
A vector field f is conservative if f(z,y) = Vg(z,y) for some scalar field g.
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The fundamental theorem of line integrals says that when calculating a line integral around a conservative
vector field, you can just evaluate the original scalar field g at the start and end points of the curve.

So we can say this :

Assuming that f(z,y) is conversative (can be tested by this :)

f(z,y) = Vg(z,y)

\/Cf - ds = g(Ocnd) - g(Cstart)

This leads to the conclusion that the line integral around a closed curve is always zero.
So since this is a line integral along a closed loop, the line integral will equal zero.

Let ¢(x,y) = 423 — 2y* and C be a curve along an ellipse centered at the origin. C starts at (—2,0),
oasses through (0,1), and ends at (2,0). Find the line intgral of the gradient of ¢ around the curve C

/Cw-ds:?

Vo = (122% — 8y°)
(AV¢»wzmzm—¢ezm

4(2)3 — 0 — (4(—2)%) = 4(8) + 4(8) = 64

Let ¢(x,y) = 22 + e and C be the curve (t2,t?), traversed from t = —1 to t = 1.

Find the line integral of the gradient of ¢ around the curve C.

This is just another case where it equals zero, because you have a t? term, so t = —1 and ¢t = 1 means
that you have a curve that starts and ends at (1,1). This means that your line integral is equal to 0.

Let
o(z,y) = 2> + 4

and
C = (t* —2t*, —t%)

Traversed from t =1 to t = 2.
Find the line integral of the gradient of ¢ around the curve

Cstart = (_L _1)Hcend = (8, _8)

(Av¢wk:¢@—@—¢PL—U

64+64— (1+1) =126

fz,y) = P(z.y)i+ Q(z,y)]
Let P(z,y) = In(y) and Q(z,y) =4z +1
P, =77
Qx =77

Is f a conservative vector field?
Remember that vector fields are only conservative if there is a scalar field ¢ such that V¢ = f. This is
only possible when ¢y, = ¢y«
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In this equation this essentially would mean that

orP  0Q
oy Ox
op _ 1 9Q _
We can pretty clearly see here how, 5y = 1 and 3= =

f(z,y) = P(xvy)% + Q(%:’Dj
Let P(z,y) =e¢" Y4+ 1 and Q(z,y) = —e* 7Y
P,=—e""Y
Qr =—e"Y

f is a conservative vector field.

fx,y) = P(x,9)i + Q(z,y)]
Let P(z,y) = W) and Q(z,y) = e
P, = —sin(y)e W
Qr = — sin(m)ecos(”)

f is not a conservative vector field.

f(z,y) = P(z,y)i + Q(z,y)]
3,2 'ty
Let P(z,y) = z°y* and Q(z,y) = o
P, = 223y

Qu = 22°y

This vector field is conversative.

3.3 Finding potential functions
flz,y) =¢€Y,—e Y 4 zeY

Find F such that f = VF.
So we are going to have to find the two parts and concatenate them.

Fp=¢€Y||Fy = —e7Y + ze¥

F:/dea:
:/eydx

= el + Ci(y)

F:/Fydy

= /—e_y + xze¥ dy

=e Y 4 ze¥ + Ca(x)
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Now because f is conservative, we can set these two integrals equal to each other :
ze¥ + C1(y) = e 4+ xe¥ + Cy(x)

So we can now observe quite clearly that Cs is just a numerical constant C, and that Cy is e”¥ + C. We can
now put everything together and get :

F(z,y)=e¢ Y +ce'+C

, 1
flz,y) = (16935112 +3 8x4y>

Find F such that f = VF
Here we will break the two parts up and integrate them seperately.

1
F, = 162%y® + §||Fy = 82ty

F:/Fwdx
/16x3y + - dx

= 4ay? +§+Cl

F:/Fydy
:/89:4ydy

S e

So we now need to equate these two functions :
T
4x4y2 + 5 + Cl = 4m4y2 + CQ

We can see that Cy is just a numerical constant C', and Cs is § + C. Making these substitions we can get

our final answer of : .
F=da%y? + Z+C

) = (5v3. 57 +1)

Find F such that f = VF

F:/Fmdx

:/5\/37dm
:5ZI+C1

:5xf+y+6’2
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Setting these two values equal to each other :

52y + C1 =bx/y+y+ Co

You can see here that Cy, = C, and Cy =y + C

f('ray> = (21’y727 *2$2y73)
Find F such that f = VF.
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3.3.1 Quiz

Suppose we have a scalar field f(z,y) = z? and a curve C that is parameterized by a(t) = (6t,t) for
—1 <t < 1. What is the line integral of f along C'?
What is the line integral of f along C?

flaft)) = 36t
lla’(8)]] = 11(6,1)]| = V/37
/fds=/1 V/37(36t%) dt
C -1
= \/ﬁ/ 362 dt

= V3T [126] ",
= 24V/37

Suppose we have a vector field f(z,y) = (=5, ysin(x)) and a curve C that is parameterized by a(t) =
(3t,1) for -3 <t < 1.

f(a(t)) = (—5,sin(3t))
/()] = 1(3,0)]| = 3
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Il
\\;
w

|

—_

t

S,

By

/Cfds_/ls(5,sin(3t))~(3,0)dt

f(z,y) = (ycos(zy) + 1,z cos(zy) +1)
Find F such that f = VF.

F, = /ycos(xy) + 1dz
=sin(zy) + v+ C1
F,= /xcos(xy) + ldy

= sin(zy) +y + Cs

We can see here that that C; =y + C and Cy = & + C Which means that we end up with the expression :

F(z,y) =z +y+sin(zy) + C

f(:c,y) = P(xvy)i + Q(m,y)j
Let P(x,y) = 2%y + 3 and Q(x,y) = 2y°
P, = 2
Qm = y2

This means that f is not a conservative vector field.

3.4 Double Integrals

Evaluate the below integral :

[ ([ o) a
I(ENE
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Evaluate the iterated integral:

Evaluate the iterated integral :

1 3
/ (/ 222 + % — 8y dx) dy
-2 \Jo

1 2 =3
/ [acg + Pz — 4x2y3] dy
2 3 =0

1
/2 (18 + 3y* — 36y°) dy

[18y +4° — 9y*] ",
(18 + 1 —9) — (—36 — 8 — 144)
198

Evaluate the iterated integral :

/0 i ( /O * cos(z) siny) dm) dy

[ sin@sin(E ay
0

[ sty
[—cos(y)lg
—(cos(m) — cos(0))
—(-1-1)

Evaluate the iterated integral:
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1
/1 [ye” + Gy]2_2 dx

1
/ (2e” + %) — (2% + e ?)dx

-1

1

/ 4e® +e? — e 2dx

~1
[4e” + re? — xe_Q] 171

(de+e? —e?) — (de7! —e? +e7?)
de —de ™t 4 2e2 —2e72

Evaluate the double integral

3.5 Triple Integrals

Evaluate

0 4 —x
/ / / 4z — 2y dzdx dy
—-2J1 Jo
0 4 B
/ / [222 - 2yz] 0 *dx dy
—2J1
0 4
/ / 222 + 2yx dx dy
—2J1
0 4
2 .
/ {x‘s + y:cz] dy
9|3 1
0
128 2
— 416y | — (= d
[T )= (5o)
0
/ (42 + 15y) dy
-2

1 0
[42y + 5y2}
2 -2

Page 46 of47



Dylan Sheehan Bates College

0— (—84+15-2)
54

Suppose we have a function
fla,y) =2y —xy

We have a change of variables:
x = X1(u,v) = —2u — 5v

y = Xo(u,v) = 3u — 2v
So what is f(z,y) under the change of variables?
f(z,y) = 2(3u — 2v) — (—2u — 5v)(3u — 2v)

f(z,y) = 6u — 4v — (—6u* — 11luv + 100?)
f(z,y) = 6u® + 1luv — 10v* + 6u — 4v

Hey
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